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If the weak equivalence principle (WEP) is broken, the measured values of the parametrized post-Newtonian
parameter γ from photons with left- and right-handed circular polarizations should differ slightly, leading to the
arrival-time difference of these two circular components. Thus, the polarization vector of a linearly polarized
light may rotate during the propagation. The rotation angle of the polarization vector depends on both the photon
energy and the distance of the source. It is believed that if the rotation angle differs by more than pi/2 over an
energy range, then the net polarization of the signal would be significantly suppressed and could not be as high
as the observed level. Thus, the detection of highly polarized photons implies that the relative rotation angle
(∆Θ) should not be too large. In this paper, we give a detailed calculation on the evolution of gamma-ray burst
(GRB) polarization arising from a possible violation of the WEP, and we find that more than 60% of the initial
polarization degree can be conserved even if ∆Θ is larger than pi/2. In addition, to tightly constrain the WEP
violation, GRBs with harder spectra and polarization observations in a wider energy range seem to be favored.
Applying our formulas to the measurements of linear polarization from GRB 110721A and GRB 061122, we
obtain strict limits on the differences of the γ values as low as ∆γ < 1.3 × 10−33 and ∆γ < 0.8 × 10−33. These
provide the most stringent limits to date on a deviation from the WEP, improving at least 6 orders of magnitude
over previous bounds.
PACS numbers: 04.80.Cc, 95.30.Sf, 98.70.Dk, 98.70.Rz
I. INTRODUCTION
The weak equivalence principle (WEP) states that the tra-
jectory of any freely falling, uncharged test body is inde-
pendent of its internal structure and composition [1]. In the
parametrized post-Newtonian (PPN) formalism, the validity
of the WEP can be characterized by the same value of the
PPN parameter γ for different test particles [1]. According to
the Shapiro time delay effect [2], the time interval required
for particles to travel across a given distance is longer in the
presence of a gravitational potential U(r) by
tgra = −
1 + γ
c3
∫ ro
re
U(r)dr , (1)
where re and ro represent the locations of the emitting source
and the observer, respectively. Generally, the gravitational po-
tential sourced by the matter density along the propagation
path is considered. All metric theories of gravity satisfying the
WEP predict that any two different species of massless neutral
particles, or two of the same species of particles with different
internal structures (e.g., energies or polarizations) or different
compositions, must follow identical trajectories and undergo
the same Shapiro delay. That is, all metric theories predict that
the value of γ should be the same for all test particles. There-
fore, any two test particles, if emitted simultaneously from the
same source and passing through the same gravitational field
with the same speed, should reach us at the same time.
The arrival time delays of different messenger particles
have been applied to test the WEP accuracy through the rel-
ative differential variations of the γ values [3, 4, 5]. Since
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the polarization is considered to be part of the internal struc-
ture of photons, Wu et al. [6] proposed that polarization mea-
surements from gamma-ray bursts (GRBs) can also serve as
an ideal test bed to probe the WEP. For a linearly polarized
light, it is a superposition of two monochromatic waves with
opposite circular polarizations (labeled with l and r). Once
the WEP fails, then different γ values are measured with left-
and right-handed circularly polarized photons (γl , γr), which
leads to the slight arrival-time difference of these two circular
components. The relative time delay is then expressed as
∆tgra =
∣∣∣∣∣∣
∆γ
c3
∫ ro
re
U(r)dr
∣∣∣∣∣∣ , (2)
where ∆γ = γl − γr is the difference of the γ values for differ-
ent circular polarization states. This relative time delay would
result in an energy-dependent rotation of the polarization vec-
tor of a linear polarized light. The WEP test can therefore be
performed with observations of linear polarization. It is be-
lieved that if the rotation angle differs by more than pi/2 over
a range of energies [E1, E2] (where E2 > E1), then the net
polarization of the signal is severely suppressed and cannot
be as high as the observed level [7]. Hence, the detection of
high polarization implies that the relative rotation angle (∆Θ)
should not be too large. Assuming that the arrival time de-
lay of two circular polarization states is caused by the Milky
Way’s gravitational potential, and setting the upper limit of
∆Θ to be 2pi, Yang et al. [8] obtained the current best limit
on a deviation from the WEP of ∆γ < 1.6 × 10−27 from the
polarimetric data of GRB 110721A.
However, this best WEP test was based on the assumption
that the relative rotation angle ∆Θ is smaller than 2pi [8], one
interesting question to ask is whether the net polarization is
significantly depleted when ∆Θ is large. Here we give a de-
tailed calculation on the evolution of GRB polarization arising
from a possible violation of the WEP as a function of ∆Θ, and
2we show that a considerable amount of polarization can be
conserved even if ∆Θ is large. We then employ our general
formulas to the GRB polarimetric data and thereby obtain the
hitherto most stringent limit on the WEP violation, improving
previous results by 6 orders of magnitude.
II. GENERAL FORMULAS
A. The rotation angle of linear polarization
A possible violation of the WEP can lead to the arrival-
time difference of photons with left- and right-handed circular
polarizations, which results in an energy-dependent rotation
of the polarization vector of linear polarized photons. With the
calculated relative time delay ∆tgra, the rotation angle during
the propagation from the source at redshift z to the observer is
given by [8]
∆θ (E) = ∆tgra(z)
2pic
λ
= ∆tgra(z)
E
~
, (3)
where E is the observed energy.
To estimate ∆tgra with Eq. (2), one has to figure out the
gravitational potential U(r) along the propagation path. For
cosmic sources, the Shapiro delay arising from the gravita-
tional potential of the large-scale structure has been confirmed
to be more important than the Milky Way’s and the source
host galaxy’s gravity [9]. As the closest and most massive
gravitational body to our Milky Way, the Laniakea super-
cluster of galaxies [10] was usually adopted as the deflector
in the Shapiro delay tests [4, 6]. As long as the distance
of the source is far beyond the scale of Laniakea, Laniakea
can be treated as a point-mass approximation when calculat-
ing the gravitational potential. Adopting a Keplerian potential
U(r) = −GM/R for Laniakea, one then has [3]
∆tgra = ∆γ
GML
c3
ln

[
d +
(
d2 − b2
)1/2] [
rL + sn
(
r2
L
− b2
)1/2]
b2

,
(4)
where ML ≃ 10
17M⊙ is the Laniakea mass [10], d is the ap-
proximate distance from the source to the observer, b denotes
the impact parameter of the light path relative to the Laniakea
center, rL ≃ 77 Mpc represents the distance from the Lani-
akea center to the observer [11], and sn = ±1 is the sign of the
correction of the source direction, where sn = +1 (sn = −1)
corresponds to the source located along the direction of the
Laniakea (anti-Laniakea) center.
B. The polarization evolution of GRB photons
Following Lin et al. [12], we suppose that a beam of non-
coherent light emits from the source, in which the polariza-
tion direction is in the xy-plane and the propagation direction
is chosen as the z-axis. The intensity of photons within the
infinitesimal azimuth angle interval dθ and the infinitesimal
energy interval dE can be expressed as
d j(θ, E) = j0 f (θ)EN(E)dθdE , (5)
where j0 is a normalized constant, f (θ) is a periodic function
of θ with period pi, and N(E) is the photon spectrum. As pho-
ton intensity is proportional to the electric vector squared, the
intensity projected onto the direction of azimuth angle ϕ is
taken to be
d jϕ(θ, E) = j0 f (θ)EN(E) cos
2(ϕ − θ)dθdE . (6)
Thus, the total intensity of photons polarized along the direc-
tion ϕ is given by
I(ϕ) =
∫
d jϕ(θ, E) =
∫ pi
0
dθ
∫ E2
E1
dE j0 f (θ)EN(E) cos
2(ϕ−θ) ,
(7)
where E1 < E < E2 is the energy range of the photon spec-
trum. The polarization degree is defined as [13]
Π =
Imax − Imin
Imax + Imin
, (8)
where Imin and Imax are the minimum and maximum values of
I(ϕ), respectively.
It is obvious from Eq. (3) that the rotation angle of the
polarization vector has an energy dependence. Let ∆Θ ≡
∆θ(E2)−∆θ(E1) to be the difference of rotation angles over an
energy range of E1 < E < E2; then Eq. (3) can be rephrased
as
∆θ(E) = ∆Θ
E
E2 − E1
. (9)
By replacing f (θ) with f (θ + ∆θ(E)), the received photon in-
tensity can be derived from Eq. (7), i.e.,
I′(ϕ) =
∫ pi
0
dθ
∫ E2
E1
dE j0 f (θ + ∆θ(E))EN(E) cos
2(ϕ − θ).
(10)
Accordingly, the observed polarization degree is
Π
′
=
I′max − I
′
min
I′max + I
′
min
, (11)
where I′
min
and I′max are the minimum and maximum values of
I′(ϕ), respectively.
For most GRBs, the spectrum in a wide energy range of
a few keV to tens MeV can be well described by a broken
power law, known as the Band function [14]. Three indepen-
dent spectral parameters are involved: the low-energy photon
index (α), the high-energy photon index (β), and the spec-
tral peak energy (Ep). Their typical values are α ≈ −1.1,
β ≈ −2.2, and Ep ≈ 250 keV, respectively [15]. But, the
working energy band of current gamma-ray polarimeters is
very narrow. In such a narrow energy band, the spectrum can
be adequately fit with a single power law, N(E) ∝ EΓ. For
simplicity, in the following we assume that the GRB spectrum
3takes the form of a single power law with the index Γ ranging
from −1.1 to −2.2.
Here we consider that photons are initially completely po-
larized, e.g., along the x-axis. To ensure f (θ) is periodic, i.e.,
f (θ + pi) = f (θ), the sum of δ-functions is adopted [12]:
f (θ) =
+∞∑
n=−∞
δ(θ − npi) . (12)
Substituting N(E) = EΓ and Eq. (12) into Eq. (7), we obtain
the initial photon intensity
I(ϕ) = j0 cos
2 ϕ
∫ E2
E1
dE EΓ+1 . (13)
It is easy to see that Imax = I(0) and Imin = I(pi/2) = 0, which
implies that the initial polarization degree is 100%. Substi-
tuting N(E) = EΓ and Eqs. (9) and (12) into Eq. (10), the
observed photon intensity simplifies to
I′(ϕ) = j0
∫ E2
E1
dE EΓ+1 cos2
(
ϕ + ∆Θ
E
E2 − E1
)
. (14)
For any given relative rotation angle ∆Θ, we can numer-
ically calculate the minimum and maximum values of I′(ϕ),
and then compute the polarization degree with Eq. (11). The
observed polarization degree Π′ as a function of ∆Θ is dis-
played in Fig. 1. In Fig. 1(a), the photon index is fixed at
Γ = −1.5. Solid lines for different energy bands are shown:
100−300, 200−400, 70−300, and 50−500 keV. One can see
that although the net polarization degree Π′ decreases rapidly
as ∆Θ increases at ∆Θ ≤ pi, more than 60% of the initial polar-
ization degree can still be conserved at ∆Θ = pi/2. The energy
dependence of polarization begins to be evident at ∆Θ ≃ pi.
Comparing the violet (100 − 300 keV) and red (200 − 400
keV) solid lines, we can see that for the same energy width,
high-energy photons have slightly smaller polarization than
low-energy ones at a fixed ∆Θ. This is because high-energy
photons rotate a larger polarization angle ∆θ than low-energy
ones propagating the same distance [see Eq. (3)], leading to
the polarization direction of high-energy photons being more
mixed and their polarization degree being suppressed. Com-
paring the violet (100 − 300 keV), green (70 − 300 keV), and
blue (50 − 500 keV) solid lines, one may see that at a fixed
∆Θ, photons in a wider energy band have larger polarization.
However, it does not mean that larger polarization can indeed
be detected in a wider energy band. This is because a wider
energy band will also lead to a larger rotation angle.
Next, we investigate the dependence of polarization degree
on the photon index Γ by fixing the energy band in 50–500
keV. The evolution of polarization for different values of Γ
are shown as solid lines in Fig. 1(b). We find that the net
polarization degree increases with decreasing Γ values. This
is easy to understand. When Γ is smaller, the photons are
closer to monochromatic. In the strictly monochromatic case,
the polarization degree has been proved to be invariant during
the propagation [12].
Since the γ discrepancy (∆γ) is related to ∆Θ, we can also
plot the polarization degree as a function of ∆γ in Fig. 2. Note
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FIG. 1: Polarization degree Π′ as a function of the relative rotation
angle ∆Θ (solid lines). (a): The photon index Γ is fixed at −1.5. (b):
The energy band is fixed in 50–500 keV. Dashed lines represent the
level of polarization that is produced by synchrotron emission.
that the limits on∆γ are not greatly affected by uncertainties in
the source distance and direction, as one can see from Eq. (4).
Here the source is assumed to be located at a redshift z = 1.0
(corresponding to a comoving distance of d = 3.4 Gpc), and
the impact parameter b (which ≤ rL) and the sign of the cor-
rection of the source direction sn are respectively taken to be
b = 0.5rL and sn = +1. In Fig. 2(a), we present the evolution
of polarization in different energy bands but with the fixed
photon index Γ = −1.5 (solid lines). At the large ∆γ scale,
where the polarization degree is below ∼ 20%, curves in dif-
ferent energy bands intersect with each other. At small ∆γ, the
net polarization decreases rapidly with increasing∆γ. A wider
and higher energy band shows a steeper decline. Therefore, to
tightly test the WEP accuracy (i.e., ∆γ), the polarization ob-
servation in a wider and higher energy band is favored.
In Fig. 2(b), we show the polarization for various values of
Γ but with the fixed energy band 50 − 500 keV (solid lines).
Similar to the bottom panel of the Π′ − ∆Θ plot, this plot
also shows that the polarization degree decreases more rapidly
with larger Γ. Therefore, we can conclude that GRBs with
harder spectra (i.e., larger Γ values) are helpful to tightly con-
strain the WEP violation.
Several emission mechanisms (e.g., synchrotron emission)
proposed for GRB prompt emission may produce linear polar-
ization degree as high as
∏
= (−Γ)/(−Γ+2/3), independent of
the energy band [16]. In Figs. 1 and 2, we also plot the level
of polarization that synchrotron emission would be assumed
to produce with different photon indices Γ (dashed lines). By
comparing the solid and dashed lines, we can see that the po-
larization evolution arising from the WEP violation is quite
different from that is produced by synchrotron emission.
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FIG. 2: Polarization degree Π′ as a function of the difference of the
γ values (solid lines). (a): The photon index Γ is fixed at −1.5. (b):
The energy band is fixed in 50–500 keV. In both panels, the redshift
of the source is assumed to be z = 1.0. Dashed lines represent the
level of polarization that is produced by synchrotron emission.
III. WEP TEST WITH GRB POLARIZATION
As mentioned above, the higher and wider the energy band
of polarization observation and the harder the spectrum of
the source, the better the constraint is on the WEP viola-
tion. There have been some polarization measurements in the
prompt gamma-ray emission of GRBs (see McConnell [17]
for a recent review). We apply our formulas to two highly po-
larized bursts (GRB 110721A and GRB 061122) and thereby
place the strictest limits on a deviation from the WEP. These
two bursts are selected as they have hard spectra and show
clear polarization signatures with high detection significance.
GRB 110721A was detected on July 21, 2011, with coordi-
nates (J2000) R.A.=331.42◦ and Dec.=−36.42◦ [18]. Its red-
shift has been measured to be z = 0.382 [19]. Yonetoku et al.
[16] reported the detection of a linear polarization degree of
Π = 84+16
−28
% in the energy range of the Gamma-Ray Burst
Polarimeter (70 − 300 keV). The time-averaged spectrum can
be well fitted by a Band function with Ep = 372.50
+26.50
−23.60
keV,
α = −0.94±0.02, and β = −1.77±0.02 [18]. Using the above
information, and considering the error propagation from the
measured polarization degree, we plot the evolution of po-
larization degree in Fig. 3 and thereby obtain a conservative
upper limit of the WEP violation, i.e., ∆γ < 1.3+1.0
−1.3
× 10−33,
which is 106 times tighter than previous limits.
GRB 061122 was detected on 22 November 2006, with co-
ordinates R.A.=20h15m20s.88 and Dec.=+15◦30
′
50
′′
.8 [20].
Its redshift is z = 1.33. Go¨tz et al. [21] measured linear polar-
ization in the energy band (250− 800 keV) during the prompt
emission of GRB 061122 and set a lower limit on its polar-
ization degree of Π > 60% at a 1σ confidence level. The
spectrum can be well fitted by a power law with a high-energy
cutoff, i.e., N(E) ∝ Eα exp(−E/Ec), where α = −1.15 ± 0.04
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.2
0.4
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0.8
1.0
 GRB 110721A
 GRB 061122
 
 
'
[ ]
FIG. 3: Limits on the differences of the γ values from the polarization
measurements of GRB 110721A and GRB 061122. The vertical and
horizonal dashed lines mark the ∆γ values that corresponds to the
observed polarization degrees.
and Ec = 221 ± 20 keV. Using these observational values,
the most conservative upper limit on the WEP violation is
∆γ < 0.8×10−33 (see Fig. 3), which improves existing bounds
on a deviation from theWEP by at least 6 orders of magnitude.
It should be underlined that these two constraints are obtained
by assuming that the initial polarization degree is 100%. If
photons are not initially completely polarized, the WEP test
may be much tighter (see Lin et al. [12] for detailed descrip-
tions in the initially partially polarized case).
In the following, we discuss some possible systematic and
astrophysical effects on our constraint results.
The largest systematic uncertainty comes from the determi-
nation of the gravitational potential of the Laniakea superclus-
ter of galaxies U(r). The exact gravitational potential function
of Laniakea is not well known. More accurate understanding
of the function U(r) could improve our constraints, but this
correction should be limited to less than an order of magni-
tude.
On the other hand, there are some astrophysical effects that
affect the propagation of polarized gamma-ray emission of
GRBs, such as Faraday rotation, vacuum birefringence, and
axion electrodynamics.
• The rotation of the linear polarization angle would be
affected by magnetized plasmas (the so-called Faraday
rotation). The dependence of the rotation angle on Fara-
day rotation is ∆θFar ∝ E
−2, different from its depen-
dence on the WEP violation as ∆θWEP ∝ E shown in
Eq.(3). For high-energy photons, such as the gamma-
ray signals considered here, ∆θFar is negligible for the
purposes of this work.
• Many quantum gravity theories predict that Lorentz
invariance may be broken. Lorentz invariance viola-
tion (LIV) can produce vacuum birefringence, which
leads to a phase rotation of linear polarization. The
5rotation angle induced by the LIV effect is ∆θLIV =
ξE2
Mpl
∫ z
0
(1+z′)dz′
H(z′)
, where Mpl is the Planck energy and H(z)
is the Hubble parameter. Toma et al. [7] has pro-
vided an upper limit for the birefringence parameter as
ξ < O(10−15). In this case, ∆θLIV is negligible in our
analysis.
• Axion dark matter also causes rotation of the polariza-
tion of light passing through it. The rotation angle of the
polarization plane arising from the axion–photon cou-
pling (∆θaxion) is proportional to the difference of the ax-
ion field values at photon emission and photon absorp-
tion (∆φ), i.e., ∆θaxion ∝ ∆φ [22]. Applying this under-
standing to the polarized fraction of the CMB, Fedderke
et al. [23] found that there are two novel phenomena in
the CMB, which can be used to search for low-mass ax-
ion dark matter. The rotation effect of axion electrody-
namics depends only on the initial and final axion field
values [22], which is quite different from the energy-
dependent rotation one induced by the WEP violation.
IV. CONCLUSIONS
In this work, we have investigated the evolution of GRB po-
larization induced by a possible violation of the WEP. Once
the WEP fails, then different values of the PPN parameter
γ are measured with different circularly polarized photons,
which results in slightly different arrival times for different cir-
cular polarization states, leading to an energy-dependent rota-
tion of the polarization plane of a linear polarized wave. We
derive the net polarization degree as a function of the relative
rotation angle ∆Θ, where ∆Θ denotes the difference of rota-
tion angles over an energy range. In contrast to the intuition
that the net polarization will be severely suppressed when ∆Θ
is large, we find that, even if ∆Θ is as large as pi/2, more than
60% of the initial polarization degree can still be conserved.
Thus, it is inappropriate to simply use a fixed value as the
upper limit of ∆Θ to test the WEP accuracy. In addition, we
prove that GRBs with harder spectra and polarization observa-
tions in a wider energy range are more favorable to constrain
the WEP violation.
Applying our formulas to the GRB polarimetric data and
attributing the Shapiro delay to the gravitational potential
of the Laniakea supercluster of galaxies, we place the most
stringent limits so far on γ differences for two cases: ∆γ <
1.3+1.0
−1.3
× 10−33 for GRB 110721A and ∆γ < 0.8 × 10−33 for
GRB 061122. Previously, with the assumptions that the rela-
tive rotation angle ∆Θ cannot exceed more than 2pi and the
Shapiro delay is caused by the Milky Way’s gravity, Yang
et al. [8] set a severe limit of ∆γ < 1.6 × 10−27 from the po-
larization observation of GRB 110721A. Compared with this
previous best result, our limits represent an improvement of
6 orders of magnitude. Although the WEP test can indeed be
tightened by incorporating the Laniakea’s gravity rather than
the Milky Way’s gravity, we find that even if the Shapiro de-
lay is only due to the Milky Way’s gravity, a strict limit of
∆γ < 0.7+0.5
−0.7
×10−28 from GRB 110721A can still be achieved
using our method, which is already 10 times tighter than that
obtained by setting the upper limit of ∆Θ to be 2pi [8]. If the
GRB polarimetric data can be significantly enlarged in the fu-
ture, a much more statistically robust bound on a deviation
from the WEP can be expected.
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